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ABSTRACT 
This  paper p re sen t s  t h e  r e s u l t s  of an  i n v e s t i g a t i o n  of mass t r anspo r t  by 
d i f f u s i o n  and advec t ion  i n  two-dimensional s teady ,  s p a t i a l l y  va r i ed  confined 
flow. I n  p r a c t i c e ,  t h i s  type of f low occurs  i n  r e c i r c u l a t i n g  reg ions  of 
s t reams and r i v e r s  o r  behind hydrau l i c  s t r u c t u r e s .  A s imple v o r t i c i t y  t rans-  
s p o r t  model is used t o  s imu la t e  shear-induced f low i n  a  square region confined 
on t h r e e  s i d e s  and open t o  a  uniform f low on one s ide .  The d i f f e r e n t i a l  
equa t ion  governing d i f f u s i o n  and advec t ion  of a  known q u a n t i t y  of t r a c e r  mass 
in t roduced  i n  such f low i s  solved. The s o l u t i o n  scheme is  based on Galerk in  
f i n i t e  element approximation of t h e  t r a n s p o r t  equat ion.  D i f fu s ion  is 
r ep re sen t ed  by a  second-order t enso r ,  t h e  components of which a r e  r e l a t e d  t o  
t h e  eddy d i f f u s i o n  c o e f f i c i e n t ,  a s  we l l  a s  t h e  magnitude and d i r e c t i o n  of t h e  
mean l o c a l  ve loc i ty .  The unsteady t r a n s p o r t  term i s  approximated by i m p l i c i t  
f i n i t e  d i f f e r e n c i n g  i n  time. Simulat ion r e s u l t s  a r e  given f o r  one and 
two-dimensional t e s t  cases  and f o r  s h e a r  induced r o t a t i n g  flow. 
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LIST OF SYMBOLS 
Symbols of secondary  importance  which appear  o n l y  b r i e f l y  i n  t h e  t e x t  a r e  
n o t  i n c l u d e d  i n  t h i s  l i s t .  
t ime dependent p o r t i o n  of l o c a l  c o n c e n t r a t i o n  
f i n i t e  e lement  a r e a  
g l o b a l  boundary m a t r i x  
g l o b a l  m a t r i x  assembled from P m a t r i x  
l o c a l  c o n c e n t r a t i o n  
second-order  d i f f u s i o n  t e n s o r  ( m o l e c u l a r  and t u r b u l e n t )  
d i f f u s i o n  c o e f f i c i e n t  
s t r eamwise  d i f f u s i o n  c o e f f i c i e n t  
t r a n s v e r s e  d i f f u s i o n  c o e f f i c i e n t  
d i f f u s i o n  c o e f f i c i e n t  a long  x-axis  
d i f f u s i o n  c o e f f i c i e n t  a long  y-axis  
c r o s s  p roduc t  of Dxx and Dyy 
g l o b a l  m a t r i x  assembled f rom t h e  sum of M, K ,  and H o v e r  
a l l  e l ements  
c o e f f i c i e n t  m a t r i x  f o r  d i f f u s i v e  approx imat ion  of 
concent  r a t i o n  
summation i n d i c e s  
r a t i o  of t r a n s v e r s e  t o  l o n g i t u d i n a l  d i f f u s i o n  c o e f f i c i e n t  
c o e f f i c i e n t  m a t r i x  f o r  c o n n e c t i v e  approx imat ion  of 
c o n c e n t r a t i o n  
c o e f f i c i e n t  m a t r i x  f o r  t empora l  approx imat ion  of 
c o n c e n t r a t i o n  
g l o b a l  m a t r i x  assembled f rom M m a t r i x  
r e s i d u a l  e r r o r  f rom approx imat ion  of c o n c e n t r a t i o n  e q u a t i o n  
c h a r a c t e r i s t i c  Reynolds number 
s o u r c e  o r  s i n k  term 
t ime 
time-averaged v e l o c i t y  t e n s o r  
v e l o c i t y  component a long  x-axis 
magnitude of l o c a l  v e l o c i t y  v e c t o r  
v e l o c i t y  v e c t o r  
v e l o c i t y  component a long y-axis  
c a r t e s i a n  coo rd ina t e  t e n s o r  
coo rd ina t e  axes  
l o n g i t u d i n a l  t u r b u l e n t  d i f z u s i o n  c o e f f i c i e n t  
k inema t i c  v i s c o s i t y  
b a s i s  f u n c t i o n  f o r  f i n i t e  element approximat ion 
v o r t i c i t y  v e c t o r  
1. INTRODUCTION 
Knowledge of t h e  mechanisms governing t h e  mixing and t r a n s p o r t  of 
s u b s t a n c e s  r e l e a s e d ,  a c c i d e n t a l l y  o r  by d e s i g n ,  i n  t h e  environment p l a y s  a  
s i g n i f i c a n t  r o l e  i n  maintenance and management of t h e  q u a l i t y  of t h e  environ-  
ment. T r a n s p o r t  phenomena a s s o c i a t e d  w i t h  wa te r  r e s o u r c e s ,  s u r f a c e  o r  sub- 
s u r f a c e ,  i s  g e n e r a l l y  q u i t e  complicated.  This  i s ,  among o t h e r  f a c t o r s ,  due t o  
t h e  i r r e g u l a r  geometry of n a t u r a l  f l o w  systems and t h e  complexi ty  of motion i n  
t h e  t r a n s p o r t i n g  medium. One example of such complex s i t u a t i o n s  i s  motion i n  
s t r e a m s  and r i v e r s  w i t h  l a r g e  c i r c u l a t i n g  r e g i o n s  a long  t h e i r  banks o r  behind 
h y d r a u l i c  s t r u c t u r e s .  Motion w i t h i n  t h e s e  reg ions  i s  s i g n i f i c a n t l y  d i f f e r e n t  
from t h e  main f low,  though induced by i t ,  and can a f f e c t  t h e  t r a n s y o r t  charac-  
t e r i s t i c s  of t h e  o t h e r w i s e  r e l a t i v e l y  s t r a i g h t  flow. I n v e s t i g a t i o n  of mixing 
and t r a n s p o r t  w i t h i n  c i r c u l a t i n g  r e g i o n s  i s  t h e  m o t i v a t i o n  f o r  t h e  s t u d y  
r e p o r t e d  h e r e i n .  I n  t h e  a n a l y s i s ,  t h e  f low s i t u a t i o n  i s  s i m p l i f i e d  somewhat 
by c a s t i n g  t h e  problem i n  two dimensions i n  t h e  h o r i z o n t a l  p lane  and 
c o n s i d e r i n g  t h e  s imple  f low geometry shown i n  F i g u r e  1. 
I n  g e n e r a l ,  a  p r o p e r t y  (e .g . ,  mass, momentum, energy)  i s  t r a n s p o r t e d  a s  a  
r e s u l t  of t h e  combined e f f e c t s  of t h e  two mechanism a d v e c t i o n  and d i f f u s i o n .  
Advec t ive  t r a n s p o r t  i s  r e l a t e d  t o  t h e  f low p a t t e r n  and v e l o c i t y  magnitude. 
The mean t r a n s p o r t  of a  p r o p e r t y  may be c h a r a c t e r i z e d  by t h e  t ime averaged 
v e l o c i t i e s  i n  t h e  medium. Fol lowing P i c k ' s  [I8551 molecu la r  d i f f u s i o n  t h e o r y ,  
T a y l o r  [I9541 hypothes ized  t h a t  t h i s  p o r t i o n  of a d v e c t i v e  t r a n s y o r t  i s  a l s o  
p r o p o r t i o n a l  t o  t h e  p r o p e r t y  g r a d i e n t .  D i f f u s i o n  has thus  evolved t o  
i n c l u d e  t h e  F i c k i a n  molecu la r  d i f f u s i o n  and t h e  d i f f u s i v e  p o r t i o n  of a d v e c t i o n  
and i s  g e n e r a l l y  r e f e r r e d  t o  a s  eddy d i f f u s i o n .  The c o e f f i c i e n t  of propor- 
t i o n a l i t y  f o r  molecu la r  d i f f u s i o n  i s  a  s c a l a r  and assumed c o n s t a n t .  The 
c o e f f i c i e n t  c h a r a c t e r i z i n g  eddy d i f f u s i o n  i s ,  i n  g e n e r a l ,  a  second-order 
Mold. pauTJuo3 uanrla leays leuorsuamya-04 ur uxaJJed MOI~ '1 -3~d 
t e n s o r ,  t h e  components of which a r e  f u n c t i o n s  of both p o s i t i o n  and time. I n  
r e l a t i v e l y  s imple  f lows ,  t h i s  t e n s o r  reduces  t o  a  s c a l a r  o r  a t  least a  lower 
o r d e r  t en so r .  I n  more complex s i t u a t i o n s ,  such a s  r o t a t i n g  f low cons idered  
h e r e ,  t h e  c o e f f i c i e n t  of p r o p o r t i o n a l i t y  ( i . e . ,  t h e  d i f f u s i o n  c o e f f i c i e n t )  
must be t r e a t e d  i n  i t s  f u l l  t e n s o r  form. The r o l e  of t h e  components of t h i s  
eddy d i f f u s i o n  t en so r  i n  sp r ead ing  mass i s  d i scussed  i n  t h i s  paper f o r  two 
f l ow  p a t t e r n s :  s o l i d  body r o t a t i o n ,  r ep r e sen t ed  by l i n e a r  v e l o c i t y  
d i s t r i b u t i o n  w i t h  r a d i a l  d i s t a n c e ,  and s h e a r  induced confined r o t a t i o n .  The 
l a t t e r  f low p a t t e r n  i s  a  s i m p l i f i e d  r e p r e s e n t a t i o n  of c i r c u l a t i n g  ( o r  
secondary)  f low r eg ions  a long  t h e  s t r e am bank o r  behind h y d r a u l i c  s t r u c t u r e s .  
2. RELATED WORK 
Hydrologic  t r a n s p o r t  has been a  t o p i c  of i n t e r e s t  t o  many r e sea r che r s .  
E f f o r t  i s  con t inuous ly  made t o  improve t h e  performance of t h e  e x i s t i n g  models 
by b e t t e r  mathemat ical  r e p r e s e n t i o n  of t h e  phys i ca l  p roce s se s  and /or  by 
deve lop ing  more s o p h i s t i c a t e d  numerical  s o l u t i o n  schemes. Some of t he  
p r ev ious  work u s e f u l  i n  i n v e s t i g a t i n g  advec t ion  and d i f f u s i o n  of mass i n  
s p a t i a l l y  va ry ing  f low i s  d i s cus sed  here .  
McGuirk and Rodi [13] developed a  depth-averaged model f o r  c a l c u l a t i o n  of 
mass exchange between a  mainstream and a  r e c i r c u l a t i n g  region.  The t u r b u l e n t  
c o n c e n t r a t i o n  f l u x e s  a r e  r ep r e sen t ed  a s  t h e  r a t i o  of eddy v i s c o s i t y  t o  a  
cons t an t  Schmidt number. Eddy v i s c o s i t y  and v e l o c i t y  d i s t r i b u t i o n s  a r e  
ob ta ined  from s o l v i n g  a  k-E t u rbu l ence  model developed by Ras tog i  and Rodi 
[17]. They do no t  d i s c u s s  v a r i a b i l i t y  of d i f f u s i o n  a long  and normal t o  t h e  
f low l i n e s .  Eddy v i s c o s i t y  ( r e p r e s e n t i n g  d i f f u s i o n )  i s  t r e a t e d  a s  a  s c a l a r  a t  
each computation node. The i r  model, even i n  two dimensions ,  i s  q u i t e  
expens ive  computa t iona l ly .  Westr ich 1241 developed a  one-dimensional model 
f o r  p r e d i c t i n g  t h e  mixing process  between a  nainf low and an  ad j acen t  c i rcu-  
l a t i n g  reg ion .  He found an  exponen t i a l  decrease  of t h e  t r a c e r  concen t r a t i on  
w i t h  t i m e  under  s t e ady  f low cond i t i ons .  He assumed a  w e l l  mixed c i r c u l a t i o n  
r e g i o n  w i t h  cons t an t  c o n c e n t r a t i o n  and thereby  d id  not  add re s s  t h e  t r a n s p o r t  
phenomena w i t h i n  t h e  region.  Th is  i s ,  of course ,  no t  t h e  case  i n  p r a c t i c a l  
s i t u a t i o n s .  H i s  work, however, i s  u s e f u l  f o r  comparison w i th  two-dimensional 
a n a l y s i s  where d i f f u s i o n  and advec t i on  w i t h i n  a  c i r c u l a t i n g  r eg ion  a r e  t aken  
i n t o  account .  
Scheidegger  [ 20 ]  a r r i v e d  a t  a  gene ra l  t en so r  form f o r  d i s p e r s i o n  i n  
porous  media. He showed t h a t  i n  i s o t r o p i c  media t h e r e  a r e  only two c o n s t a n t s  
of d i s p e r s i v i t y ,  one p a r a l l e l  t o  f low and one normal t o  i t .  This  r e s u l t  was 
a l s o  a r r i v e d  a t  by N iko l aevsk i i  [ I 4 1  who used a  t heo ren  of t he  s t a t i s t i c a l  
t h e o r y  of t u rbu l ence  and assumed an  i s o t r o p i c  media. The s imp le s t  form of 
d i s p e r s i o n  i n  porous media was g iven  a s  t h e  product  of a  four th -order  d i spe r -  
s i v i t y  t e n s o r  and a  s c a l a r  v e l o c i t y  s c a l e .  The symmetrical  p r o p e r t i e s  of t h e  
d i s p e r s i v i t y  t en so r  reduces  i t  t o  on ly  two cons t an t s  when a l i gned  w i t h  t h e  
p r i n c i p a l  a x i s  i n  one-dimensional flow. Bear [ 5 ]  and Bachmat and Bear [ 4 ]  
a r r i v e d  a t  a  gene ra l  form of t h e  hydrodynamic d i s p e r s i o n  equa t i on  i n  porous 
media. Most of t h e  publ i shed  r e s e a r c h  t r e a t i n g  d i f f u s i o n  ( o r  d i s p e r s i o n )  a s  
a  t e n s o r  seems t o  be i n  t h e  a r e a  of f low i n  porous media. Th is  i s  p a r t l y  due 
t o  t h e  f a c t  t h a t  t h e  d i s p e r s i v e  p r o p e r t i e s  of a  porous medium can be uncoupled 
from t h e  f low p r o p e r t i e s ;  whereas i n  t u r b u l e n t  f low,  d i f f u s i o n  i s  d i r e c t l y  
governed by t h e  s t r u c t u r e  of t u rbu l ence  and cannot be e a s i l y  uncoupled from 
i t .  Subsequent ly ,  d i f f u s i o n  i s  most o f t e n  t r e a t e d  a s  a  s c a l a r  p rope r ty  i n  
p r a c t i c a l  s u r f a c e  f low problems. 
Smith e t  a l .  [ 2 2 ]  performed a  s e r i e s  of t e s t s  comparing t h e  Ga l e rk in  
f i n i t e  element method t o  s e v e r a l  opt imized f i n i t e  d i f f e r e n c e  models. F i n i t e  
e lement  r e s u l t s  f o r  t h e  two-dimensional convec t ion-d i f fus ion  problem were 
found t o  be a s  conse rva t i ve  a s  Siemons [I9701 i t e r a t i v e  a l t e r n a t i n g  d i r e c t i o n  
i m p l i c i t  f i n i t e  d i f f e r e n c e  method. The au tho r s  compare t h e  Ga l e rk in  f i n i t e  
e lement  s o l u t i o n  f o r  a  two-dimensional convec t ion  t o  t h e  s o l u t i o n  ob ta ined  
from Robert  and Weise 's  [ l a ]  f o u r t h  o r d e r  f i n i t e  d i f f e r e n c e  model. The 
G a l e r k i n  f i n i t e  element r e s u l t s  f o r  t h i s  problem were s e n s i t i v e  t o  t h e  t ime 
s t e p  s e l e c t e d  but  had somewhat l e s s  d i s t o r t i o n  of con tours  t han  t h e  f i n i t e  
d i f f e r e n c e  model. The Ga l e rk in  form of t h e  f i n i t e  element method i s  r epo r t ed  
by Grove [ 9 ]  t o  be less s u b j e c t  t o  numerical  d i spers io i l  t han  marly s t anda rd  
f i n i t e  d i f f e r e n c e  schemes. 
3. MASS TRANSPORT EQUATION 
The second-order t i m e  averaged p a r t i a l  d i f f e r e n t i a l  equa t i on  d e s c r i b i n g  
a d v e c t i o n  and d i f f u s i o n  of mass i n  t u r b u l e n t  f low i s  
where 
c concent r a t i o n ;  
t t ime ; 
X i  c a r t e s i a n  c o r r d i n a t e  ( x , y , z ) ;  
u i  time-averaged v e l o c i t y  (u,v,w) a long  ( x , y , z ) ;  
D i j  second-order d i f f u s i o n  t e n s o r  (molecular  and t u r b u l e n t ) ;  
s source  o r  s i n k  term. 
The d i f f u s i o n  t e n s o r  i n  equa t i on  ( 1 )  has n i n e  components which a r e  a f u n c t i o n  
of p o s i t i o n  and time. I n  most s i t u a t i o n s ,  t h e  t u r b u l e n t  d i f f u s i o n  p a r t  of U i j  
i s  o r d e r s  of magnitude l a r g e r  t han  t he  molecular  d i f f u s i o n  p a r t .  The l a t t e r  
i s ,  t h e r e f o r e ,  n e g l e c t e d  u n l e s s  one i s  concerned w i t h  d i f f u s i o n  c l o s e  t o  
boundar ies  where t u rbu l ence  is  damped. Kolmogorov [10,11]  showed t h a t  
equa t i on  ( 1 )  can  be a p p l i e d  on ly  a f t e r  t h e  d i f f u s i n g  subs tance  has  been i n  t h e  
f low long  enough f o r  sha rp  g r a d i e n t s  t o  be smoothed ou t  over t h e  d i s t a n c e  
t r a v e l e d .  The t ime and d i s t a n c e  over  which t h e  p a r t i c l e  " f o r g e t s "  i t s  
i n i t i a l  c o n d i t i o n s ,  and beg ins  t o  d i f f u s e  accord ing  t o  F i c k ' s  law, a r e  known 
as Lagrangian s c a l e s .  Equat ion ( I ) ,  however, is w r i t t e n  from t h e  E u l e r i a n  
viewpoint  s i n c e  a  f i x e d  ( u s u a l l y  c a r t e s i a n )  frame of r e f e r e n c e  i s  xsed i n  most 
f i e l d  obse rva t i ons  and p r a c t i c a l  problems. With r e s p e c t  t o  i t s  p r i n c i p a l  
a x i s ,  D i j  = 0 f o r  i # j and reduces  t o  t h r e e  components. I n  t h e  case  of 
i s o t r o p i c  t u rbu l ence ,  a  s p h e r i c a l  symmetry e x i s t s  and D i j  r educes  t o  a  s c a l a r .  
However, s i n c e  t u rbu l ence  i s  o f t e n  a n i s o t r o p i c  and non-homogeneous, t h e  
d i f f u s i o n  t e n s o r  i s  w r i t t e n  i n  a  s p a t i a l l y  v a r i e d  form i n  equa t i on  (1) and 
w i l l  be t r e a t e d  a s  such throughout  t h i s  paper.  
The problem fo rmu la t i on  i s  s i m p l i f i e d  by assuming t h a t  v a r i a t i o n s  i n  t h e  
v e r t i c a l  d i r e c t i o n  a r e  n e g l i g i b l e .  Thus, t h e  expanded form of equa t i on  (1) 
f o r  two-dimensional t u r b u l e n t  f low i s  
where c  is  now t h e  t ime dependent concen t r a t i on  of a  conse rva t i ve  subs tance  
( s  = 0) r e l e a s e d  i n  t h e  flow. S ince  equa t i on  ( 2 )  i s  v a l i d  i n  any coo rd ina t e  
system,  t h e  d i f f u s i o n  t e n s o r  i s  i n v a r i a n t  under  coo rd ina t e  t rans format ion .  
I f  one of t h e  coo rd ina t e  axes  (e.g. ,  x )  co inc ide s  w i th  t h e  p r i n c i p a l  a x i s  of 
f low,  t h e  c ro s s -va r i an t  components ( i . e . ,  Dxy and Dyx) of t h e  d i f f u s i o n  
t e n s o r  become i d e n t i c a l l y  zero.  The d i f f u s i o n  t e n s o r  t hus  reduces t o  two 
components: t h e  l o n g i t u d i n a l  d i f f u s i o n  c o e f f i c i e n t ,  DL; and t h e  t r a n s v e r s e  
d i f f u s i o n  c o e f f i c i e n t ,  DT. Hor i zon t a l  sp r ead ing  of mass de sc r i bed  by t h i s  
f o rmu la t i on  i s  d i f f e r e n t  from t h a t  de sc r i bed  i n  v e r t i c a l l y  averaged shea r  
f lows  (e.g., F i s c h e r  [ 7 ] ) .  Here,  t h e  d i f f u s i o n  term w i l l  no t  c o n t a i n  s p a t i a l  
ave r ag ing  of any k ind  whereas i n  depth-averaged f lows  t h e  e f f e c t s  of v e r t i c a l  
s h e a r  d i s t r i b u t i o n  i s  r ep re sen t ed  by a  d i s p e r s i o n  (no t  d i f f u s i o n )  t e n s o r .  I n  
s i t u a t i o n s  where t h e  average  va lue  of a  subs tance  over  a  c ro s s - s ec t i on  i s  
s u f f i c i e n t ,  t h e  d i f f u s i o n  equa t i on  i s  w r i t t e n  i n  one-dimension. I n  t h i s  c a se ,  
a  s c a l a r  bulk t r a n s p o r t  ( d i s p e r s i o n )  c o e f f i c i e n t  is  def ined  t o  r e p l a c e  t h e  
spatially averaged d i f f u s i o n  term. The r e s u l t i n g  one-dimensional d i s p e r s i o n  
e q u a t i o n  i s  u s e f u l  i n  t h e  a n a l y s i s  of mass t r a n s p o r t  i n  s t reams  and e s t u a r i e s .  
A comprehensive d i s c u s s i o n  of one and two-dimensional d i s p e r s i o n  i n  environ-  
menta l  f lows w i thou t  i n c l u d i n g  c i r c u l a t i n g  r eg ions  i s  g iven  i n  F i s c h e r  e t  a l .  
[81. 
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To ana lyze  advec t i on  and d i f f u s i o n  i n  two-dimensional c i r c u l a t i n g  
o r  r o t a t i n g  f lows ,  e q u a t i o n  ( 2 )  must be so lved  i n  i ts  complete form. Simpli-  
f i c a t i o n s  similar t o  t hose  made i n  r e l a t i v e l y  s t r a i g h t  f lows cannot be made 
h e r e  because s h e a r  induced c i r c u l a t i n g  f low i s  h igh ly  non-uniform. Averaging 
t h e  f low p r o p e r t i e s  s p a t i a l l y  ( i . e . ,  one-dimensional a n a l y s i s )  p rov ide s  even 
l e s s  i n fo rma t ion  about  t h e  n a t u r e  of convec t ion  and d i f f u s i o n  i n  such  flows. 
S ince  d e f i n i n g  a  convenient  coo rd ina t e  a x i s  a long  t h e  f low l i n e s  i s  not  
p o s s i b l e ,  a  f i x e d  c a r t e s i a n  frame of r e f e r e n c e  is  s e l e c t e d .  D i f fu s ion  a long  
and normal t o  t h e  s t r e a m l i n e s  must now be mapped onto t h i s  f i x e d  r e f e r e n c e  i n  
o r d e r  t o  d e f i n e  t h e  components of t h e  d i f f u s i o n  t e n s o r  shown i n  equa t i on  ( 2 ) .  
Th i s  f u n c t i o n a l  r e l a t i o n s h i p  must,  of cou r se ,  remain i n v a r i e n t  under 
c o o r d i n a t e  t r an s fo rma t ion .  
Here ,  components of t h e  d i f f u s i o n  t e n s o r  i n  equa t i on  ( 1 )  a r e  expressed  i n  
terms of t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t s  s c a l e d  by t h e  components of t h e  
l o c a l  v e l o c i t y  vec to r .  With some n a n i p u l a t i o n ,  components of t he  d i f f u s i o n  
t e n s o r  f o r  two-dimensional f low,  can be w r i t t e n  a s  
where EL, is  t h e  l o n g i t u d i n a l  t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t  ( a l ong  t h e  stream- 
l i n e s ) ,  k - < 1 i s  t h e  r a t i o  of t r a n s v e r s e  t o  l o n g i t u d i n a l  t u r b u l e n t  d i f f u s i o n  
c o e f f i c i e n t ,  and U i s  t h e  magnitude of t he  l o c a l  v e l o c i t y  vec to r .  Equat ions  
( 3 )  c a l c u l a t e  t h e  d i agona l  components of t h e  d i f f u s i o n  t e n s o r  a s  p o s i t i v e  
v a l u e s  w i t h  r e s p e c t  t o  t h e  c a r t e s i a n  c o o r d i n a t e  axes  r e g a r d l e s s  of t h e  l o c a l  
f l o w  o r i e n t a t i o n .  The o f f  d i a g o n a l  ( c r o s s - v a r i a n t )  terms a r e  al lowed t o  assume 
p o s i t i v e  o r  n e g a t i v e  v a l u e s  depending on d i r e c t i o n  of t h e  l o c a l  v e l o c i t y  v e c t o r .  
F i s c h e r  e t  a l .  [ a ]  n o t e  t h a t  exper imenta l  measurement of t h e  l o n g i t u d i n a l  
d i f f u s i o n  c o e f f i c i e n t  has  been encumbered by d i f f i c u l t y  i n  i s o l a t i n g  t h e  e f f e c t s  
of t u r b u l e n t  d i f f u s i o n  from o t h e r  mechanisms. Experiments conducted by S a y r e  
and Cheng [19]  i n d i c a t e d  t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t  i n  t h e  l o n g i t u d i n a l  o r  
s t reamwise  d i r e c t i o n  i s  g r e a t e r  t h a n  t h a t  i n  t h e  t r a n s v e r s e  d i r e c t i o n .  The 
a u t h o r s  do n o t  know of any t h e o r e t i c a l  o r  exper imenta l  i n v e s t i g a t i o n  p rov id ing  
i n f o r m a t i o n  on d i f f u s i o n  c o e f f i c i e n t  i n  r o t a t i n g  flow. Thus, v a l u e s  of 
l o n g i t u d i n a l  and t r a n s v e r s e  t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t s  used i n  t h i s  paper 
a r e  mainly  f o r  t h e  purpose  of i l l u s t r a t i n g  t h e  geomet r ic  c h a r a c t e r i s t i c s  of a  
d i f f u s i n g  c loud  i n  a  r o t a t i n g  f low f i e l d  and t h e  s i g n i f i c a n c e  of t h e  c r o s s  
v a r i a n c e  terms ( u s u a l l y  i g n o r e d )  i n  t h e  d i f f u s i o n  t e n s o r .  
E q u a t i o n  ( 2 ) ,  w i t h  d i f f u s i o n  terms g i v e n  by e q u a t i o n  ( 3 ) ,  can  be used 
t o  a n a l y z e  mass t r a n s p o r t  i n  a  v a r i e t y  of two-dimensional problems w i t h  known 
v e l o c i t y  f i e l d .  The numerical  scheme developed by Alavian e t  a l .  [1983, 19841 
has  been used t o  s o l v e  e q u a t i o n  ( 2 )  f o r  t h e  f low s i t u a t i o n s  p r e s e n t e d  i n  t h i s  
paper .  The s o l u t i o n  method i s  based on t h e  G a l e r k i n  f i n i t e  element approxi-  
mat ion of t h e  t r a n s p o r t  e q u a t i o n  and u s e s  l i n e a r  b a s i s  f u n c t i o n s  i n  t h e  i n t e r -  
p o l a t i o n  scheme. F u l l y  i m p l i c i t  f i n i t e - d i i f e r e n c i n g  i s  used t o  approximate  
t h e  uns teady  term i n  e q u a t i o n  ( 2 ) .  S p a t i a l  d i s t r i b u t i o n  of c o n c e n t r a t i o n ,  
v e l o c i t y ,  and d i f f u s i o n  a r e  approximated v i z :  
3 
DXx(x,Y) z 1 Dxxm +,(x,Y) ; + s i m i l a r  terms f o r  Dyy and Dxy = Dyx ; 
m= 1 
where + i s  a  l i n e a r  bas i s  func t ion ,  which f o r  t r i a n g u l a r  elements can be 
i n t e g r a t e d  e x p l i c i t l y  a s  given by P inder  and Gray [15];  a ,  u ,  and v  a r e  t h e  
nodal  va lues  of concen t r a t i on  and v e l o c i t y  components, r e s p e c t i v e l y ;  and D,,, 
"yym, and Dxym = Dyxm a r e  eva lua ted  from equat ion  ( 3 )  f o r  given va lues  of t h e  
l o n g i t u d i n a l  d i f f u s i o n  c o e f f i c i e n t  and k. 
S u b s t i t u t i n g  equa t ion  ( 4 )  i n t o  equa t ion  ( 2 )  and s e t t i n g  t h e  weighted 
r e s i d u a l  e r r o r  over each element a r e a  equal  t o  ze ro ,  t h e  approximated mass 
t r a n s p o r t  equa t ion  f o r  each element becomes 
where R i s  t h e  r e s i d u a l  e r r o r  and A i s  the  element area. Equation (5)  a f t e r  
i n t e g r a t i o n  over t h e  element a r ea  and f i n i t e - d i f f e r e n c i n g  i n  time can be 
w r i t t e n  i n  t h e  genera l  form 
where 
M c o e f f i c i e n t  mat r ix  f o r  t h e  unstready term i n  equat ion ( 5 ) ;  
K = Kx + Ky,  c o e f f i c i e n t  mat r ices  f o r  the  convect ive terms i n  
equat ion  (5) ;  
H = Hxx + Hyy + Hxy + llyx, c o e f f i c i e n t  mat r ices  f o r  t he  d i f f u s i o n  
terms i n  equat ion  ( 5 ) ;  
B r e s i d u a l  mat r ix ,  inc ludes  the  boundary condi t ions ;  
A t  f i n i t e - d i f f e r e n c e  time s t e p  between n  and n+l. 
S ince  equat ion  ( 6 )  holds f o r  every element,  a  g loba l  system of equat ions 
can be derived by summing t h i s  equat ion over a l l  t he  elements used t o  
r ep re sen t  t h e  flow geometry. Hence, mat r ices  M ,  K ,  and H a r e  assembled i n t o  a  
g l o b a l  mat r ix ,  G ,  wi th (k x  k )  components where k  i s  the  number of nodes i n  
t h e  d e s c r i t i z e d  flow f i e l d .  The element mat r ices  M and B a r e  s i m i l a r l y  
assembled i n t o  the  g loba l  mat r ices  MG(k x  k) and BG(k x I ) ,  r e spec t ive ly .  
Thus, t h e  approximate form of t he  mass t r anspor t  equat ion  with d i f f u s i o n  
formulated a s  a  t enso r  becomes 
k n  
= [MG] 1 a  + [BG] . 
j =1 j =1 j 
The system of equat ions ( 7 )  can be solved once t h e  flow geometry, v e l o c i t y  
d i s t r i b u t i o n ,  and tu rbu len t  d i f f u s i o n  c o e f f i c i e n t  a r e  given. 
4. ROTATING FLOW SIMULATION 
Two p a t t e r n s  of r o t a t i n g  f low a r e  considered here .  One i s  a  s o l i d  body 
r o t a t i o n  where v e l o c i t y  v a r i e s  l i n e a r l y  w i t h  r a d i a l  d i s t a n c e  from a c e n t e r  of 
r o t a t i o n .  The o t h e r  is  s h e a r  induced r o t a t i n g  motion genera ted  and mainta ined 
by a  known uniform f low a t  t h e  open boundary of a  square  ( c l a s s i c a l  c a v i t y  
f low problem). The l a t t e r  p a t t e r n  i s  s e l e c t e d  because i t ,  t o  some degree ,  
resembles  f low i n  c i r c u l a t i n g  r eg ions  of s t r e am aad r i v e r s ,  genera ted  due t o  
meanders, sudden changes i n  geometry and presence  of eng inee r i ng  s t r u c t u r e s .  
There  i s  growing evidence t h a t  c i r c u l a t i n g  f lows ,  depending on t h e i r  s i z e ,  
geometry,  and zone of i n f l u e n c e  can s i g n i f i c a n t l y  a f f e c t  mixing and t r a n s p o r t  
of contaminants  i n  wa t e r  bodies.  
Many models and schemes e x i s t  f o r  numerical  gene ra t i on  of c i r c u l a t i n g  
motion i n c l u d i n g  t hose  proposed by Kuipers  and Vreugdenhil  [ 1 2 ] ,  Abbott and 
Rasmussen [ I ] ,  McGuirk and Kodi [ 1 3 ] ,  and Ponce and Yabusaki [1981].  
Numerical g e n e r a t i o n  of s h e a r  induced c i r c u l a t i o n  i s  no t  very  d i f f i c u l t ,  t h e  
r e a l  t a s k  is  g e n e r a t i n g  t h e  c o r r e c t  c i r c u l a t i o n .  Unfor tuna te ly ,  f i e l d  o r  
l a b o r a t o r y  v e r i f i c a t i o n  of t h e  numerical  models g e n e r a t i n g  c i r c u l a t i o n  
i s  almost non-exis tent .  Thus, a  s imple  v o r t i c i t y  t r a n s p o r t  f low model i s  
cons idered  s u f f i c i e n t  f o r  s i m u l a t i n g  shea r  induced confined r o t a t i n g  flow. I n  
p r a c t i c a l  s i t u a t i o n s  mass and momentum a r e  exchanged between t h e  main f low and 
t h e  r e . c i r c u l a t i n g  f low through a  f r e e  shea r  zone. Th i s  is  ignored h e r e  s i n c e  
emphasis of t h e  paper  i s  on t h e  advec t i on  and d i f f u s i o n  of m a s s  i n  a known 
r o t a t i n g  f low wi thout  r ega rd  t o  t h e  mechanisms caus ing  t h e  i n i t i a l  motion. 
The d imens ion less  v o r t i c i t y  t r a n s p o r t  equa t i on  governing two-dimensional 
motion of an incompressible v i s cous  f l u i d  i s  
where 
W = 1/2(av /ax  - a u / a y ) ,  v o r t i c i t y  v e c t o r  i n  two-dimensions; 
U v e l o c i t y  v e c t o r ;  
Re = V L / V ,  Reynolds number w i th  V and L a s  c h a r a c t e r i s t i c  
v e l o c i t y  and l e n g t h ,  r e s p e c t i v e l y ;  
v v i s c o s i t y  
Equa t ion  ( 8 )  i s  w e l l  known and has  been used t o  s o l v e  a  v a r i e t y  of problems 
i n c l u d i n g  s h e a r  d r i v e n  f low i n  a  squa re  c av i t y .  The boundary cond i t i ons  
a r e  s p e c i f i e d  i n  terms of v e l o c i t y  o r  g r a d i e n t  of v e l o c i t y  ( i . e . ,  s t ream 
f u n c t i o n ) .  The no s l i p  c o n d i t i o n  r e q u i r e s  t h a t  both components of v e l o c i t y  
be  z e r o  a t  t h e  s t a t i o n a r y  wa l l s .  A t  t h e  open boundary, one component of 
v e l o c i t y  has a  non-zero va lue  ( u s u a l l y  u n i t y ) .  
There  a r e  many numerical  schemes f o r  s o l v i n g  t h e  v o r t i c i t y  t r a n s p o r t  
equa t i on ,  A second-order upwind f  i n i  t e -d i f  f  e r enc ing  scheme wi th  a p p r o p r i a t e  
t ime  s t e p  gave s t a b l e ,  s t e ady  s t a t e  s o l u t i o n  f o r  a  wide range of Reynolds 
numbers. D e t a i l s  of approximat ing equa t i on  (8), f o rmu la t i ng  t h e  boundary 
c o n d i t i o n s ,  and t h e  numerical  procedure  f o r  r epea t ed ly  so lv ing  t h i s  equa t i on  
u n t i l  a n  a c c e p t a b l e  s t e a d y - s t a t e  s o l u t i o n  i s  obtained a r e  g iven  by Alavian e t  
a l ,  [ 2 , 3 ] .  The s t e ady  f low p a t t e r n  r e s u l t i n g  from a Reynolds number of 
10,000 i s  d e p i c t e d  on F i g u r e  1. The Reynolds number i s  based on t h e  s c a l e s  of 
t h e  f r e e  s t r e am v e l o c i t y  and c a v i t y  opening. A s  t h e  Reynolds number 
i n c r e a s e s ,  t h e  "eye" of t h e  r o t a t i n g  f low moves o f f  c e n t e r  towards t h e  
downs trealn wa l l .  
5 .  SIMULATION RESULTS AND DISCUSSION 
Numerical  models a r e  t y p i c a l l y  v e r i f i e d  by comparing t h e  s i m u l a t i o n  
r e s u l t s  w i t h  a n a l y t i c a l  s o l u t i o n s  o r  e x p e r i m e n t a l  evidence.  N e i t h e r  e x i s t s  
f o r  t h e  c a s e  of mass t r a n s p o r t  by non-uniform s h e a r  d r i v e n  r o t a t i n g  flow. 
I n  o r d e r  t o  conf i rm t h e  p r o p e r  performance of t h e  s o l u t i o n  a l g o r i t h m  and t o  
a s c e r t a i n  a  r e l a t i v e  measure of p o t e n t i a l  numer ica l  problems,  a  s e r i e s  of 
s i m u l a t i o n s  were conducted f o r  t r a n s p o r t  of mass by s imple  f lows.  S imula t ion  
of two-dimensional  d i f f u s i o n  f rom a  s t a t i o n a r y  p o i n t  s o u r c e  produced e x c e l l e n t  
agreement w i t h  t h e  a n a l y t i c a l  s o l u t i o n .  Pure  a d v e c t i o n  of mass i n  a  un i fo rm 
f l o w  was s i m u l a t e d  nex t .  F i g u r e  2 shows s t reamwise  c r o s s - s e c t i o n  of t h e  
computed c o n c e n t r a t i o n  v a l u e s  d e p i c t e d  on t h e  i n i t i a l  d i s t r i b u t i o n ,  which was 
a  p i e c e w i s e  l i n e a r i z e d  c o s i n e  h i l l .  'The model proved c a p a b l e  of a d v e c t i n g  
mass i n  a  un i fo rm f l o w  w i t h  minimal d i s t o r t i o n  of t h e  i n i t i a l  c o n c e n t r a t i o n  
p a t t e r n .  Drop i n  t h e  peak c o n c e n t r a t i o n  i n  t ime and t h e  o s c i l l a t i o n s  around 
t h e  edges a r e  due t o  a r t i f i c i a l  d i f f u s i o n  common i n  f u l l y  i m p l i c i t  unsupressed  
schemes. 
Mass t r a n s p o r t  i n  f low r o t a t i n g  a s  a  s o l i d  body was s i m u l a t e d  i n  t h e  
t h i r d  phase  of t h e  model t e s t i n g .  The o b j e c t i v e  of t h e  s e r i e s  of t e s t s  w i t h  
s o l i d  body r o t a t i o n  f l o w  was t o  deve lop  a  b e t t e r  u n d e r s t a n d i n g  of t h e  model 
performance under  s p a t i a l l y  changing,  y e t  r e l a t i v e l y  s imple  f low p a t t e r n .  
Flow r o t a t i n g  a s  a  s o l i d  body has a  l i n e a r  t a n g e n t i a l  v e l o c i t y  d i s t r i b u t i o n  
and no  r a d i a l  v e l o c i t y .  S i n c e  s h e a r  i s  c o n s t a n t  everywhere,  mass i s  
t r a n s p o r t e d  on a  c i r c u l a r  p a t h  w i t h o u t  any d i f f e r e n t i a l  advec t ion .  Any 
s p r e a d i n g  i s  due t o  d i f f u s i o n  only.  S i m i l a r  t o  p u r e  a d v e c t i o n  i n  un i fo rm 
f l o w ,  a  g i v e n  d i s t r i b u t i o n  of mass must r e t a i n  i t s  i n i t i a l  form a s  i t  moves 
around t h e  c e n t e r  of r o t a t i o n .  With i s o t r o p i c  p h y s i c a l  d i f f u s i o n  a t  work, 









d i f f u s i o n ,  on t h e  o t h e r  hand, causes  t h e  mass t o  spread  i r r e g u l a r l y  thereby 
caus ing  d i s t o r t i o n  and wigg les  i n  t h e  concen t r a t i on  p a t t e r n .  F igu re  3 i s  a  
three-dimensional  p l o t  of an  i n i t i a l  co s ine  h i l l  concen t r a t i on  d i s t r i b u t i o n  
being t r a n s p o r t e d  by a  f low r o t a t i n g  a s  a  s o l i d  body. P rog re s s ive  d i s t o r t i o n  
i n  t h e  c o n c e n t r a t i o n  p a t t e r n  a t  1 /4  and 1 / 2  t u r n  of t h e  c e n t e r  of mass i s  
apparen t  i n  F i g u r e s  3b and 3c. Numerical problems became s eve re  a t  about  3 / 4  
t u r n  and l o s s  of mass was cons iderab le .  Using t h e  same i n i t i a l  concen t r a t i on  
d i s t r i b u t i o n ,  p h y s i c a l  i s o t r o p i c  d i f f u s i o n  was in t roduced  by s p e c i f i c a t i o n  of 
a  s m a l l  s c a l a r  d i f f u s i o n  c o e f f i c i e n t .  The r e s u l t s  a f t e r  1 / 4  and 1 / 2  t u r n  of 
t h e  c e n t e r  of mass a r e  shown i n  F i g u r e  3d and 3e. The so-ca l led  "wiggles" 
a r e  no l onge r  p r e sen t  and mass has d i f f u s e d  n e a r l y  uniformly i n  a l l  
d i r e c t i o n s .  
- 
Using t h e  a r i t h m e t i c  mean v e l o c i t y ,  u ,  an  o v e r a l l  Courant cond i t i on  f o r  
non-uniform f low may be de f i ned  a s  i ~ A t / ~ x  . Simula t ion  r e s u l t s  f o r  pure  
advec t i on  i n  s o l i d  body r o t a t i o n  showed s e n s i t i v i t y  t o  t he  Courant number thus  
def ined .  S imula t ions  f o r  o v e r a l l  Courant numbers, r ang ing  between 1.3 and 
0.13 were compared on t h e  b a s i s  of peak concen t r a t i on  v a r i a t i o n  and mass 
conserva t ion .  R e s u l t s  showed p r o g r e s s i v e l y  b e t t e r  s o l u t i o n s  ( i . e . ,  l e s s  drop 
i n  peak c o n c e n t r a t i o n  and s m a l l e r  mass l o s s  o r  g a i n )  w i t h  dec r ea se  i n  Courant 
number. It should  be noted t h a t  t h e  o v e r a l l  Courant cond i t i on  de f i ned  f o r  
h i g h l y  s p a t i a l l y  v a r i e d  f low,  such a s  those  considered i n  t h i s  paper ,  i s  
u s e f u l  on ly  a s  a  g e n e r a l  gu ide  and no t  a s  an  a b s o l u t e  measure of numerical  
s t a b i l i t y .  
The P e c l e t  number (P = ii A x / D )  i s  g e n e r a l l y  used a s  an i n d i c a t o r  of t h e  
i n t e r f e r e n c e  of numerical  d i f f u s i o n  w i t h  t h e  p h y s i c a l  d i f f u s i o n .  Usua l ly ,  i f  
P - < 1,  t h e  f low i s  cons idered  d i f f u s i o n  dominated and f o r  P > 2  o s c i l l a t i o n s  
and wigg les  may be p r e sen t .  A P e c l e t  number c a l c u l a t e d  i n  t h e  same o v e r a l l  
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s ense  a s  t h e  Courant number i s  no t  very  u s e f u l  i n  r o t a t i n g  f lows.  An 
a r i t h m e t i c  o r  even weighted mean v e l o c i t y  i s  not  n e c e s s a r i l y  a  good 
r e p r e s e n t a t i v e  of t h e  advec t i ve  c h a r a c t e r i s t i c s  of flow. Fur thermore,  a  
d i f f u s i o n  t e n s o r  c a l c u l a t e d  accord ing  t o  equa t i on  ( 3 )  v a r i e s  widely  over  t h e  
f low f i e l d .  For  t h e  purposes  of t h i s  i n v e s t i g a t i o n ,  t h e  d i f f u s i o n  c o e f f i c i e n t  
EL was used i n  c a l c u l a t i n g  a n  o v e r a l l  P e c l e t  number. S i m i l a r  t o  t h e  Courant 
number, t h e  P e c l e t  number i s  used on ly  a s  a  gene ra l  i n d i c a t o r  and no t  an  
a b s o l u t e  measure of numerical  d i f f u s i o n .  For t h e  s imu la t i ons  run w i th  s o l i d  
body r o t a t i o n ,  wigg les  appeared i n  t h e  s o l u t i o n  f o r  o v e r a l l  P e c l e t  numbers 
above 7. 
With t h e  above i n fo rma t ion  on t h e  performance and l i m i t a t i o n s  of t h i s  
model t h e  ca se  of n a s s  t r a n s p o r t  i n  a  shea r  d r i v e n  c a v i t y  flow was nex t  
considered.  Shear d r i v e n  f low w i t h i n  a  c a v i t y  i s  h igh ly  non-uniform a s  
evidenced by t h e  s t r e a m l i n e s  shown i n  F igu re  1. Complexity of t h e  f low f i e l d  
p r e v e n t s  s i m p l i f i c a t i o n  of t h e  problem t o  t h e  po in t  of o b t a i n i n g  a  meaningful 
a n a l y t i c a l  s o l u t i o n  t o  equa t i on  (2 ) .  Therefore ,  t h e  two t r a n s p o r t  p roce s se s ,  
a d v e c ~ i o n  and d i f f u s i o n ,  can  only be examined a t  a  fundamental  l e v e l .  
I n v e s t i g a t i o n s  showed t h a t  s o l u t i o n  t o  t h e  system of equa t i ons  ( 7 )  i s  h igh ly  
s e n s i t i v e  t o  t h e  fo rmu la t i on  of t h e  d i f f u s i o n  term. Numerical exper iments  
were conducted u s i n g  t h e  f low genera ted  by equa t ion  ( 8 )  wi th  a  c h a r a c t e r i s t i c  
Reynolds number of 10,000. Convenient t ime s t e p  and g r i d  spac ing  were 
s e l e c t e d  t o  ach ieve  an  o v e r a l l  Courant number on t h e  o rde r  of 0.1. I n i t i a l  
c o n c e n t r a t i o n  d i s t r i b u t i o n  was a  co s ine  h i l l  l o ca t ed  a t  t h e  lower c e n t e r  
p o r t i o n  of t h e  f low f i e l d .  
S imula t ion  r e s u l t s  f o r  pure  advec t i on  and combined advec t i on  and d i f fu -  
s i o n  a r e  shown i n  F i g u r e  4. Concen t ra t ion  p a t t e r n  f o r  pure  advec t ion  (no 
d i f f u s i o n )  a t  approximately  114 t u r n  of t h e  c e n t e r  of mass is  given i n  F igu re  
b. p u r e  advec t ion  c.  advec t i o n  and d i f  f 
F i g .  4.  C o n c e n t r a t i o n  D i s t r i b u t i o n  (a)  T r a n s p o r t e d  by Pure  Advect ion (b) 
and by Advect ion and D i f f u s i o n  ( c )  i n  Shear-Driven Confined Flow 
f o r  k = 1 . 0 .  
3b. D i f f e r e n t i a l  advec t i on  caused by t h e  v e l o c i t y  d i s t r i b u t i o n  s t r e t c h e s  t h e  
mass a long t h e  s t r e aml ine s .  O s c i l l a t i n g  concen t r a t i on  l e v e l s ,  s i m i l a r  t o  
t h e s e  observed i n  t h e  s o l i d  body r o t a t i o n  t e s t s ,  t r a i l  t h e  d i s t r i b u t i o n .  
These o s c i l l a t i o n s  (wigg les )  become mbre pronounced i n  t ime due t o  t h e  n a t u r e  
of t h e  numerical  scheme and t h e  f a c t  t h a t  t h e  t r a c e r  approaches t h e  h igh  shea r  
r eg ion  of f l ow  a t  t h e  open boundary. Considerable  o s c i l l a t i o n s  and l o s s  of 
mass occur red  n e a r  t h e  112 t u r n  p o i n t  of t h e  c e n t e r  of mass render ing  t he  
s o l u t i o n  meaningless.  Mass was not  al lowed t o  c r o s s  t o  open boundary and 
l e a v e  t h e  cav i t y .  
F i g u r e  4c shows t r a n s p o r t  of mass by t h e  combined e f f e c t s  of advec t ion  
and s c a l a r  d i f f u s i o n .  I n  o r d e r  t o  r e v e a l  t h e  d e t a i l s ,  v e r t i c a l  s c a l e  i n  
F i g u r e  4 c  i s  h ighe r  t h a n  t h a t  i n  F i g u r e  4b. I n i t i a l l y ,  sp r ead ing  i s  d i f f u s i o n  
dominated due t o  r e l a t i v e l y  sma l l  v e l o c i t y  magnitudes and g r adua l  change i n  
t h e  f low d i r e c t i o n .  The o v e r a l l  P e c l e t  number f o r  t h e  lower l e f t  quadrant  of 
t h e  c a v i t y  (Fig .  1 )  was 0.5. A s  t h e  spread ing  mass e n t e r s  t h e  upper l e f t  
quad ran t ,  i t  i s  t r a n s p o r t e d  n e a r l y  i n  t h e  y  d i r e c t i o n  w i th  a P e c l e t  number of 
about  1. Flow changes d i r e c t i o n  r a t h e r  qu i ck ly  nea r  t h e  open boundary and 
conforms t o  t h e  s h e a r  induced by t h e  f r e e  stream. Transpor t  p rocess  becomes 
h i g h l y  advec t i on  dominated and P e c l e t  number i n c r e a s e s  r a p i d l y  t o  about  10. 
I n  t h e  upper  and lower r i g h t  quad ran t s ,  f low d e c e l e r a t e s  g r a d u a l l y  and t h e  
a s s o c i a t e d  t r a n s p o r t  p rocess  changes from advec t i on  dominated back t o  
d i f f u s i o n  dominated and t h e  s c e n a r i o  r e p e a t s  i t s e l f .  Change i n  t r a n s p o r t  
mechanism from h i g h l y  d i f f u s i v e  t o  h igh ly  advec t i ve  over  a r e l a t i v e l y  s h o r t  
d i s t a n c e  p u t s  s e v e r e  s t r a i n  on any numerical  model. Success ive  s o l u t i o n s  
g iven  by t h e  p r e s e n t  model a r e  r e a sonab l e  u n t i l  t h e  mass i s  i n  t h e  v i c i n i t y  of 
t h e  i n t e n s e  s h e a r  zone at  t h e  open boundary. A t  t h i s  p o i n t ,  s o l u t i o n  i s  
dominated by t h e  d i s c r e t i z a t i o n  e r r o r s ,  a s s o c i a t e d  w i th  c e n t r a l  d i f f e r e n c i n g ,  
g i v i n g  unaccep tab le  mass l o s s  o r  g a i n ,  a s  w e l l  a s  unreasonable  concen t r a t i on  
l e v e l s  a long  t h e  boundaries.  
On t h e  numerical  s i d e ,  t h e  model performance can be improved cons ide r ab ly  
by u s ing  h i g h e r  o r d e r  e lements  and more complex approximation scl~emes.  On t h e  
p h y s i c a l  s i d e ,  i t  i s  expected t h a t  t he .p rob l ems  would be l e s s  s eve re  i f  mass 
were allowed t o  move through t h e  open boundary and i n t o  t h e  f r e e  s t ream v i a  a  
f r e e  s h e a r  (exchange) zone. Th is  zone,  which i s  t h e  r eg ion  of i n t e r a c t i o n  
between t h e  d r i v e n  r o t a t i n g  f low and t h e  d r i v i n g  main f low i n  p r a c t i c a l  
problems, has  been s i m p l i f i e d  t o  e s s e n t i a l l y  a  l i n e  a c r o s s  t h e  open boundary 
i n  t h i s  i n v e s t i g a t i o n .  Even though t h e  d i f f u s i o n  t e n s o r  i s  computed f o r  each 
e lement ,  a c t u a l  d i f f u s i o n  i s  r ep re sen t ed  by a  cons t an t ,  E L ,  f o r  t h e  e n t i r e  
f l ow  f i e l d .  D e t a i l e d  in format ion  on t h e  d i s t r i b u t i o n  of eddy d i f f u s i o n  i s  not 
a v a i l a b l e ,  but  i t  i s  reasonable  f o r  i t s  mean va lue  w i t h i n  t h e  shea r  zone t o  
va ry  cons ide r ab ly  from t h a t  i n  t h e  r e s t  of t h e  flow. It i s  expected t h a t  t h e  
model would g i v e  b e t t e r  r e s u l t s  f o r  s p a t i a l l y  va ry ing  d i f f u s i o n  c o e f f i c i e n t .  
D i s cus s ion  of t h e  f low and t r a n s p o r t  c h a r a c t e r i s t i c s  of t h e  f r e e  shea r  zone,  
p r e s e n t l y  be ing  modeled, i s  beyond t h e  scope of t h e  i n v e s t i g a t i o n  r epo r t ed  
he r e in .  
Components of t h e  d i f f u s i o n  t e n s o r ,  computed from equa t i on  ( 3 ) ,  play  a 
s i g n i f i c a n t  r o l e  i n  t h e  geometry of t h e  spread ing  mass. A t  k = 1, t h e  t e n s o r  
reduces  t o  a  s c a l a r  and t h e  c ro s s -va r i an t  terms a r e  i d e n t i c a l l y  zero.  The 
mass d i f f u s e s  e q u a l l y  i n  a l l  d i r e c t i o n s  accord ing  t o  t h e  magnitude of E L ,  a s  
w e l l  a s  being advected a long  t h e  s t r e aml ine s .  F igu re s  4c and 4d, d i s cus sed  
e a r l i e r ,  g i v e  an example of mass t r a n s p o r t  w i th  k = 1. A s  k d e c r e a s e s ,  t h e  
t r a n s v e r s e  d i f f u s i o n  becomes p r o g r e s s i v e l y  l i m i t e d  and t h e  c ro s s -va r i an t  
components of t h e  d i f f u s i o n  t e n s o r  become more s i g n i f i c a n t .  F igu re  5 shows an 
example of evo lv ing  concent . ra t ion p a t t e r n  f o r  k = 0.5. For  k << 1 ,  t r a n s v e r s e  
d i f f u s i o n  i s  very  l i m i t e d  and t h e  mass is  d i s t r i b u t e d  i n  a  long ,  narrow 
fash ion .  S imula t ion  r e s u l t s  f o r  k = 0.1 a r e  g iven  i n  F i g u r e  6. F igu re s  5 and 
6 ,  viewed w i t h  F i g u r e  1 i n  mind, show t h a t  t h e  cor lcen t ra t ion  p a t t e r n  is  a l i gned  
w i t h  t h e  g e n e r a l  d i r e c t i o n  of f low wh i l e  being advected d i f f e r e n t i a l l y  due t o  
non-uniform v e l o c i t y  d i s t r i b u t i o n .  The t r a n s v e r s e  sp r ead ing  is  governed by EL 
and k. It was found t h a t  t h e  v e l o c i t y  d i s t r i b u t i o n  can a c t u a l l y  move t h e  
c e n t e r  of mass from one s t r e a m l i n e  t o  ano the r ,  p a r t i c u l a r l y  n e a r  t h e  open 
boundary. 
S imula t ions  were a l s o  conducted w i t h  t h e  o f f  d i agona l  ( c r o s s - v a r i a n t )  
t e rms  of t h e  d i f f u s i o n  t e n s o r ,  g iven  i n  equa t ion  (2), ~ r t i f i c i a l l y  s e t  t o  
zero.  The r e s u l t s  a r e  n o t  s i g n i f i c a n t l y  d i f f e r e n t  from t h e  runs  w i t h  DXy and 
Dyx computed accord ing  t o  equa t i on  ( 3 ) .  The two s o l u t i o n s  d e v i a t e  from each  
o t h e r  around t h e  45" axes  w i t h  r e s p e c t  t o  t h e  c e n t e r  of r o t a t i o n  and q u i c k l y  
merge a s  t h e  s t r e a m l i n e  cu rva tu r e s  decrease .  Comparisons a r e  a t  a p r e l im ina ry  
l e v e l  and f u r t h e r  i n v e s t i g a t i o n  of t h e  c ro s s -va r i an t  components of t h e  
d i f f u s i o n  t e n s o r  i s  necessary.  
a .  i n i t i a l  d i s t r i b u t i o n  b. t =5At  
F i g .  5. C o n c e n t r a t i o n  P a t t e r n s  f o r  k = 0.5 i n  Shear-Driven Confined Flow. 
Contour Leve l s  a r e  based  on p e r c e n t  of I n i t i a l  C o n c e n t r a t i o n .  
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6. SUMJURY AND CONCLUSIOIJ 
D i f f u s i o n  and advec t i on  of mass i n  s t e ady ,  two-dimensional r o t a t i n g  f low 
w a s  i n v e s t i g a t e d  by a  s e r i e s  of numerical  exper iments .  The unsteady t r a n s p o r t  
equa t i on  con t a in ing  a  second-order d i f f u s i o n  t e n s o r  was so lved  u s i n g  t h e  
G a l e r k i n  f i n i t e  element approximat ion method. S imula t ing  d i f f u s i o n  and 
a d v e c t i o n  i n  uniform f l ow  a s  w e l l  a s  f low r o t a t i n g  a s  a  s o l i d  body provided 
i n s i g h t  t o  t h e  t h e  model performance and t h e  d o s c r i t i z a t i o n  e r r o r s  a s s o c i a t e d  
w i t h  t h e  numerical  scheme used. 
Performance of t h e  model i n  s i m u l a t i n g  advec t i on  and d i f f u s i o n  i n  s h e a r  
d r i v e n  f l ow  i s  promising.  S t a b l e  s o l u t i o n s  have been ob ta ined  f o r  an  o v e r a l l  
P e c l e t  number a s  h igh  a s  7. Rapid change i n  t h e  t r a n s p o r t  mechanism, from 
d i f f u s i o n  dominated t o  advec t i on  dominated,  caused d i f f i c u l t y  i n  t h e  v i c i n i t y  
of t h e  i n t e n s e  s h e a r  zone. I n c r e a s i n g  t h e  phys i ca l  d i f f u s i o n  c o e f f i c i e n t  
improves t h e  s o l u t i o n  somewhat due t o  t h e  r educ t i on  of t h e  o v e r a l l  P e c l e t  
number. It was found t h a t  t h e  evo lv ing  concen t r a t i on  p a t t e r n  i s  s e n s i t i v e  t o  
t h e  o rde r  of t h e  d i f f u s i o n  t en so r .  S c a l i n g  t h e  components of t h e  d i f f u s i o n  
t e n s o r  by t h e  components of t h e  l o c a l  v e l o c i t y  v e c t o r  proved t o  be a  reason- 
a b l e  scheme f o r  i n c o r p o r a t i n g  changes i n  t h e  f low d i r e c t i o n  i n  t h e  t r a n s p o r t  
p rocess .  T h i s ,  coupled w i t h  t h e  r a t i o  of t h e  t r a n s v e r s e  t o  l o n g i t u d i n a l  
d i f f u s i o n  c o e f f i c i e n t s ,  a l l ows  c o n t r o l  of t h e  d i s t r i b u t i o n  geometry. 
R e s u l t s  ob t a ined  s o  f a r  a r e  based on d i f f u s i o n  c o e f f i c i e n t s  s e l e c t e d  a t  
mid-range between molecu la r  d i f f u s i o n  and t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t s ,  
r epo r t ed  f o r  channel  flow. S imula t ions  provide t h e  expected c o n c e n t r a t i o n  
p a t t e r n s  but  remain s u b j e c t  t o  v e r i f i c a t i o n  by a c t u a l  da ta .  Unfo r tuna t e ly ,  
pub l i shed  i n fo rma t ion  on mass t r a n s p o r t  i n  conf ined s h e a r  d r i v e n  o r  r e c i r cu -  
l a t i n g  f lows  i s  v i r t u a l l y  non-exis tent  f o r  model v e r i f i c a t i o n  a t  t h i s  time. 
Ref in ing  t h e  computation mesh from 168 t r i a n g u l a r  e lements  t o  648 showed 
c o n s i d e r a b l e  improvement i n  t h e  s o l u t i o n .  It i s  expected t h a t  f i n e r  mesh i n  
t h e  r eg ion  of i n t e n s e  shea r  and u se  of h igher  o rde r  e lements  w i l l  f u r t h e r  
improve t h e  r e s u l t s .  The p r e sen t  numerical  scheme does no t  have any a r t i f i c i a l  
remedies ,  such a s  upwinding t o  s u p r e s s  wiggles  o r  r e l a x i n g  t h e  t r oub l e son~e  
boundary c o n d i t i o n s ,  b u i l t  i n t o  i t .  These measures may become nece s sa ry  when 
a c t u a l  observed c o n c e n t r a t i o n  p a t t e r n s  a r e  s imulated.  
I n c o r p o r a t i n g  an  exchange zone,  between t h e  r o t a t i n g  f low and t h e  main 
f low,  i s  being i n v e s t i g a t e d  now. I n  a d d i t l o n  t o  e l i m i n a t i n g  some of t h e  
numerical  problems p r e s e n t l y  exper ienced  a t  t h e  h igh ly  advec t i ve  open boundary, 
p resence  of an  exchange zone w i l l  e nab l e  t h e  model t o  more r e a l i s t i c a l l y  
s i m u l a t e  mass t r a n s p o r t  i n  r e c i r c u l a t i n g  flows. 
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